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We have studied the phase singularity of the relativistic vortex beams for the two sets of relativistic
operators. One includes the new spin and orbital angular momentum (OAM) operators, which is
derived from the parity-extended Poincare´ group, and the other is composed of the (usual) Dirac
spin and OAM operators. The first set predicts the same singular circulation as the nonrelativistic
vortex beams. On the other hand, the second set anticipates that the singularity of the circulation
is spin orientation-dependent and can be disappeared especially for relativistic paraxial electron
beam with spin parallel to the propagating direction. These contradistinctive predictions suggest
the relativistic electron beam experiment with spin-polarized electrons for the first time to answer
the long-standing fundamental question, i.e., what are the proper relativistic observables, raised
from the beginning of relativistic quantum mechanics since the discovery of the Dirac equation.
PACS numbers: 03.65.Ta, 03.30.+p, 03.67.-a
I. INTRODUCTION
Nonrelativistic electron vortex beams carrying orbital
angular momentum (OAM) have recently been studied
and well-understood using paraxial approximation of the
Schro¨dinger equation [1–6]. The wavefunction of non-
relativistic electron vortex includes a phase singularity
factor, eilφ, where φ is the azimuthal angle around the
axis of the vortex, and it can carry orbital angular mo-
mentum of l~ in which l is an integer known as the topo-
logical charge [1]. As the energy of electron vortex beams
reaches the relativistic regime with energy 200 ∼ 300 keV
[1, 2, 7, 8], the validity of the interpretation in the exper-
iment of vortex with high energy electrons as relativistic
electron vortex is questioned [10? –14].
To understand such relativistic electrons, one should
use the Dirac equation [15], which successfully describes
relativistic electrons, instead of the Schro¨dinger equation.
However, in the usual Dirac theory, spin angular momen-
tum and orbital angular momentum of an electron are
not separately conserved as in the Schro¨dinger theory.
Bialynicki-Birula et al. proved the assertion that any ac-
ceptable solutions of the Dirac equation cannot be the
eigenstates of OAM using the (usual) Dirac OAM, and
showed that the vortex lines continuously smeared out
into all over the space for their exponential solutions,
which become the standard vortex wavefunction in the
nonrelativistic limit [12]. This raised the fundamental
question, whether a relativistic vortex can be generated
from high energy electron beams, because of the absence
of the well-defined orbital angular momentum (OAM). In
contrast, Barnett [13] showed that the relativistic elec-
tron vortices with well-defined OAM and phase singular-
∗Electronic address: tschoi@swu.ac.kr
ity do really exist using the so-called Foldy-Woutheysen
(FW) representation [16] and the vortex charge is related
to the eigenvalues of OAM as the case for nonrelativis-
tic vortices. Barnett used separately conserved spin-like
and OAM-like observables that are the FW mean spin
and FW mean OAM in the original representation [13].
In fact, the controversal results of Bialynicki-Birula et
al. and Barnett in [12, 13] were originated from the use
of different spin and OAM operators as relativistic oper-
ators, which was indicated by Bliokh et al. [17]. Explic-
itly, Bialynicki-Birula et al. used the usual Dirac spin
and OAM operators but Barnett used the FW spin and
FW OAM operators. Essentially such other choices are
due to a lack of understanding of relativistic operators.
As an unsolved fundamental issue, to obtain a proper
relativistic spin operator for massive spin 1/2 particles
has been a long-standing problem from the beginning of
relativistic quantum mechanics [16, 18–26]. Many dis-
cussions have been made to suggest possible proper de-
scription of spin for massive elementary particles till now.
Since each suggested spin operator has its own strengths
and weaknesses, Bauke et al [26] have suggested vari-
ous electromagnetic environments to distinguish between
the proposed relativistic spin operators experimentally.
However, most importantly, almost all suggested spin op-
erators would not answer on the fundamental questions,
i.e., why the Dirac equation, derived from the energy-
momentum relation, can naturally contain spin for mas-
sive particles, and how the suggested spin operators can
explain that the Dirac equation should contain spin.
Theoretically, the problem of determining a proper
spin operator may be solved most naturally by using the
space-time symmetry. Wigner showed that an elemen-
tary spin 1/2 (Dirac) particle is a unitary representation
of the 3+1 dimensional Poincare´ group [27] and his SU(2)
little group represents spin index. However, an explicit
form of the spin operator itself was not determined.
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2Recently, two of us, i.e., Choi and Cho [28] rigorously
derived the spin operator for the Dirac field that trans-
forms covariantly under the Lorentz transformation. We
call this spin operator the new spin operator to distin-
guish it from the other spin operators such as the Dirac
and the FW mean spin operators. The new spin operator
was shown to be the generators of the SU(2) little group
of the Poincare´ group and admit the representation of
the Poincare´ group extended by the parity (space inver-
sion) in which the Dirac spinor resides. Also, the Lorentz
boost represented by the new spin operator can provide
the representation of the parity operator from which the
covariant Dirac equation is derived.
In the view of theoretical consistency and complete-
ness, the new spin operator representing the parity-
extended Poincare´ group is compelling as a proper rel-
ativistic spin operator. Furthermore, based on the con-
sistent relativistic description of massive particles, the
new spin operator can be effectively defined as a particle
spin and an antiparticle spin operator according to the
action of that spin on the particle state and the antipar-
ticle state, respectively (Table I). Straightforwardly, the
particle spin operator was also shown to be equal to the
FW mean spin operator [28].
The conflicting results of two recent works in [12, 13]
mainly originating from using the different relativistic
operators motivate us to ask whether the problem of the
proper spin and its corresponding OAM operators is re-
lated to the singular behavior of relativistic vortex beams
and can be experimentally determined by using relativis-
tic vortex beams. In this study, we consider the two sets
of operators, i.e., one consists of the new spin and OAM
operators and the other consists of the Dirac spin and
OAM operators, because only the two spin operators are
derived from the partity-extended Poincare´ group, i.e.,
the space-time symmetry [28]. While the projected op-
erators recently studied in Ref. [3] will not be considered
because the projected operators will give the same results
as the Dirac operators due to that the expectation values
of the projected operators are the same as the those of the
corresponding Dirac operators. In order to understand
relativistic electron vortex structures for the two sets of
relativistic operators, our analysis will be based on the
local Laguerre-Gauss [13] spinor wave packets of Dirac
electrons in the FW representation, which is a suitable
expression of experimental relativistic electron beam.
II. DIRAC SPIN AND ORBITAL ANGULAR
MOMENTUM
In this section, for a clear comparison to the new spin
and the corresponding OAM in the study of the relativis-
tic vortex, we will briefly review the original Dirac theory
[15]. As was introduced by Dirac [15], the total angular
momentum is the sum of the Dirac spin
SkD =
Σk
2
≡
(
σk
2 0
0 σ
k
2
)
(1)
and the corresponding Dirac OAM, i.e., rD × p. This
total angular momentum is constant of motion under the
following Dirac Hamiltonian
HD = α · p + βm, (2)
where rD is the Dirac position operator that is the canon-
ical operator represented by i∇p, α · p = αkpk for
k = {x, y, z}, and σk are the Pauli matrices. We use the
Einstein summation convention in which the repeated in-
dices are summed over. For the Dirac Hamiltonian, the
Dirac matrices are
αk =
(
0 σk
σk 0
)
, β =
(
1 0
0 −1
)
(3)
in the standard representation [15]. Here we use natural
unit ~ = c = 1. However, as noticed, the Dirac spin
and the Dirac OAM are not separately conserved with
the Dirac Hamiltonian, which is the reason why Dirac
introduce the spin angular momentum. That is,
[ HD,SD ] = iα× p, (4a)
[ HD, rD × p ] = −iα× p. (4b)
The commutator of the Dirac OAM and the Dirac
Hamiltonian in Eq. (4b) is not zero because the Dirac
velocity operator i[HD, rD] = α is not proportional to
the momentum p. This suggests that the existence of
the Zitterbewegung [29, 30], which is a fast trembling
motion first observed by Schro¨dinger, is closely related
to the non-conservation of the Dirac OAM. It is known
that the trembling motion of the Dirac particles will not
appear when there is no interference between positive
and negative energy states. Hence it will be instructive
to calculate the expectation values of the Dirac orbital
angular momentum either for the positive or the negative
energy states.
The Dirac Hamiltonian (2) gives the following well-
3TABLE I: Properties and relations of the new spin SN , the particle spin SP , and SAP . L(p) is a pure boost to give
momentum p. Detailed explanations are given in Sec. III and other notations are adapted from the explanations.
Properties
SN = L(p)
Σ
2
L−1(p)
= E
m
SD − p(SD·p)m(E+m) + iγ5 1m (SD × p).
SN gives the 2
nd Casimir of the Poincare´ group, neither SP nor SAP .
All three spins satisfy the su(2) algebra, i.e., [Si, Sj ] = iijkS
k.
Particle Antiparticle
Hamiltonian HD = α · p+ βm H˜D = −α · p+ βm
Spin
SP = U
†
FW
Σ
2
UFW = SFW
= SD +
p(p·SD)−p·pSD
E(E+m)
+ iβ (p×α)
E
SAP = UFW
Σ
2
U†FW
= SD +
p(p·SD)−p·pSD
E(E+m)
− iβ (p×α)
E
SNψP (p
µ) = SPψP (p
µ) Action on the state SNψAP (p
µ) = SAPψAP (p
µ)
known four solutions:
u1(pµ) =
1√
2m(E +m)

E +m
0
pz
px + ipy
 , (5)
u2(pµ) =
1√
2m(E +m)

0
E +m
px − ipy
−pz
 ,
u3(pµ) =
1√
2m(E +m)

−pz
−px − ipy
E +m
0
 ,
u4(pµ) =
1√
2m(E +m)

−px + ipy
pz
0
E +m
 ,
where pµ = (E,p). u1,2(pµ) are the two positive energy
spinors with the energy eigenvalue +E =
√
p · p +m2
and u3,4(pµ) are the two negative energy spinors with
the energy eigenvalue −E. The eigenspinors satisfy the
orthogonality
uγ†(pµ)uδ(pµ) =
E
m
δγδ, (6)
where γ, δ = {1, 2, 3, 4}, uγ†(pµ) is the Hermitian con-
jugate of uγ(pµ), and δγδ is the Kronecker-delta. The
expectation value of the Dirac velocity operator α either
for the positive or the negative energy eigenspinors be-
comes
uj†(pµ)αuk(pµ) =
p
m
δjk and u
m†(pµ)αun(pµ) = − p
m
δmn(7)
for arbitrary j, k ∈ {1, 2} and m,n ∈ {3, 4}. As a result,
the expectation values of the Dirac OAM either for the
positive or the negative energy eigenspinors are
uj†(pµ)[ HD, rD × p ]uk(pµ) (8)
= um†(pµ)[ HD, rD × p ]un(pµ) = 0.
III. NEW SPIN AND CORRESPONDING
ORBITAL ANGULAR MOMENTUM
Recently we have derived the covariant spin operator of
the parity-extended Poincare´ group whose representation
corresponds to a free massive elementary field with spin
s [28]. The representation space of the parity-extended
Poincare´ group for free massive spin 1/2 fields is the di-
rect sum (1/2, 0)⊕(0, 1/2) space in which the usual Dirac
particle and antiparticle spinors reside. In this section,
we introduce the covariant spin operator as the new spin
operator and the corresponding OAM in association with
the new position operator.
The new spin operator is originally constructed by the
generators of the Poincare´ group, however to compare
the differences between the new spin and the Dirac spin
explicitly, it is convenient to represent the new spin op-
erator in the direct sum (1/2, 0)⊕ (0, 1/2) representation
space by using the Dirac spin operator as follows [28]
SkN =
E
m
SkD −
pk(SD · p)
m(E +m)
+ iγ5
1
m
(SD × p)k, (9)
where γ5 =
(
0 I
I 0
)
is the Dirac gamma matrix in
the standard representation [31], (SD × P)k are the k-
component of SD × P and I is the 2-dimensional iden-
tity matrix. We use the upper case P for a momentum
operator and the lower case p for the eigenvalue of a
momentum operator.
There were derived the following two fundamental dy-
namical equations for free massive spin 1/2 particle and
antiparticle from the property of parity operation [28]
(γµpµ −m)ψP (pµ) = 0, (10a)
(γµpµ +m)ψAP (p
µ) = 0, respectively, (10b)
4where ψP (p
µ) and ψAP (p
µ) are particle and antiparticle
spinors, respectively. These two Eqs. (10a) and (10b)
are the same as the two covariant Dirac equations for
particle and antiparticle spinors, where the Dirac gamma
matrices are
γ0 =
(
1 0
0 −1
)
= β and γk =
(
0 σk
−σk 0
)
(11)
in the standard representation [31].
There are two positive energy and two negative energy
solutions for each of Eqs. (10a) and (10b). Among those
8 solutions, the two particle eigenspinors are the same as
u1,2(pµ) in Eq. (5) that are the positive-energy solutions
of the HD and the two antiparticle eigenspinors are the
following two negative energy solutions of Eq. (10b) as
[31]
v1(pµ) =
1√
2m(E +m)

pz
px + ipy
E +m
0
 , (12)
v2(pµ) =
1√
2m(E +m)

px − ipy
−pz
0
E +m
 ,
which are not the negative energy eigenstates u3,4(pµ) of
HD. Then u
1,2(pµ) and v1,2(pµ) satisfy the same orthog-
onality as uj†(pµ)uk(pµ) = E/mδjk and vj†(pµ)vk(pµ) =
E/mδjk. The four spinors u
1(pµ), u2(pµ), v1(pµ), and
v2(pµ) are Lorentz boosted ones from the rest spinors as
u1(pµ) = eγ
5Σ·ζ/2

1
0
0
0
 , u2(pµ) = eγ5Σ·ζ/2

0
1
0
0
 ,(13)
v1(pµ) = eγ
5Σ·ζ/2

0
0
1
0
 , v2(pµ) = eγ5Σ·ζ/2

0
0
0
1
 ,
where eγ
5Σ·ζ/2 is the Lorentz boost with rapidity ζ =
2 pˆ tanh−1[
√
p · p/(E+m)]. The new spin SkN in Eq. (9)
can also be expressed by using the following relations [28]
SkN = e
γ5Σ·ζ/2 Σ
k
2
e−γ
5Σ·ζ/2. (14)
Then it is easily seen that the four spinors u1,2(pµ) and
v1,2(pµ) are also eigenstates of the new spin SkN with the
same eigenvalues of the rest spin Σk/2 for the rest spinors
u1,2(kµ) and v1,2(kµ), where kµ = (m,0).
However, the SkN is not a good observable because it
is not Hermitian as seen in Eq. (9). This does not mean
that the SkN is not a proper spin operator. In fact, the
SkN becomes the Hermitian particle spin operator S
k
P and
antiparticle spin operator SkAP as they act on the parti-
cle states u1,2(pµ) and the antiparticle states v1,2(pµ),
respectively [28], i.e.,
SkNu
1,2(pµ) = SkPu
1,2(pµ) and (15)
SkNv
1,2(pµ) = SkAP v
1,2(pµ).
Accordingly, the explicit form of the particle and antipar-
ticle spin operators are given as
SkP =
m
E
e−γ
0γ5Σ·ζ/2 Σ
k
2
eγ
0γ5Σ·ζ/2 (16)
= SkD +
pk(p · SD)− p · pSkD
E(E +m)
+ iβ
(p×α)k
E
,
SkAP =
m
E
eγ
0γ5Σ·ζ/2 Σ
k
2
e−γ
0γ5Σ·ζ/2
= SkD +
pk(p · SD)− p · pSkD
E(E +m)
− iβ (p×α)
k
E
in the momentum representation. Note that the particle
and the antiparticle spin operators can be expressed by
using the FW transformation matrix UFW (p) because√
m
E
eγ
0γ5Σ·ζ/2 =
E +m+ βα · p√
2E(E +m)
= UFW (p) (17)
and thus the particle spin SkP is straightforwardly shown
to be the same with the FW mean spin operator discussed
in Ref. [16, 22].
It has been shown that the SkN gives Noether’s con-
served spin angular momentum [28]. The conservation
of the spin can be also confirmed by using the commuta-
tors between spins and the corresponding Hamiltonians.
Since the antiparticle spinors v1,2(pµ) satisfy the different
covariant equation (10b) from Eq. (10a) of the u1,2(pµ),
the corresponding Hamiltonian for the v1,2(pµ) is also
different from the original Dirac Hamiltonian, which is
obtained as [31]
H˜D = −α · p + βm. (18)
Then one can easily check that the particle and antipar-
ticle spins are conserved because the spins commute with
the corresponding Hamiltonians as follows:
[HD, S
k
P ] = 0 and [H˜D, S
k
AP ] = 0. (19)
These facts that the particle and the antiparticle spins,
SkP and S
k
AP , are the conserved quantities in each
Hamiltonian imply that the corresponding conserved
OAMs, which are respectively commuting with the corre-
sponding Hamiltonians HD and H˜D, can be determined
through the total angular momentum. On the other
hand, one can see that the Dirac OAM does not com-
mute with both the HD and H˜D.
To obtain the commuting OAMs with the HD and H˜D,
it is needed to define the new position operator RN in
5the momentum representation corresponding to the new
spin operator SN as [32]
RN = e
γ5Σ·ζ/2rDe−γ
5Σ·ζ/2. (20)
The RN satisfies the same commutation relations as
those of the Dirac position operator, i.e, [RjN , R
k
N ] = 0
(locality condition), [RjN , S
k
N ] = 0, and [R
j
N , P
k] = iδjk
for j, k ∈ {x, y, z}. The new position operator acted on
the particle and the antiparticle states becomes the fol-
lowing Hermitian particle and antiparticle position oper-
ators, respectively,
RkP = U
†
FW (p)r
k
DUFW (p) (21a)
= rkD +
iβαk
2E
− iβp
k(α · p) +√p · p(Σ× p)k
2E(E +m)
√
p · p and
RkAP = UFW (p)r
k
DU
†
FW (p) (21b)
= rkD +
iβαk
2E
− iβp
k(α · p)−√p · p(Σ× p)k
2E(E +m)
√
p · p ,
similar to the new particle and antiparticle spin operators
SkP and S
k
AP .
Subsequently, the velocity operators for the particle
and the antiparticle are determined as
dRkP
dt
= −i[RkP , HD] =
pk
E
HD
E
, (22a)
dRkAP
dt
= −i[RkAP , H˜D] =
pk
E
H˜D
E
, (22b)
respectively. The particle and antiparticle spinors
u1,2(pµ) and v1,2(pµ) are eigenstates of the above ve-
locity operators with the eigenvalue pk/E and −pk/E,
respectively, because v1,2(pµ) have the negative energy
eigenvalue −E. This shows that there is no Zitterbewe-
gung for the new position operators. Consequently, the
particle and the antiparticle OAMs defined by RP/AP×p
are conserved by themselves. The OAM conservations of
the free massive particles and antiparticles are verified by
the commutation relations:
[LkP , HD] = klm[R
l
PP
m, HD] = 0, (23a)
[LkAP , H˜D] = klm[R
l
APP
m, H˜D] = 0, (23b)
where klm is the Levi-Civita symbol with 123 = 1.
IV. EXISTENCE OF SINGULAR
RELATIVISTIC VORTICES
In nonrelativistic case, free electron vortex states (with
phase singularity) carry a well-defined OAM, which re-
quires the conservation of the OAM [1, 2, 33]. It is
natural to expect that the conserved OAM is essential
also for the existence of the relativistic electron (Dirac
particle) vortices. As was studied in the previous sec-
tions, the Zitterbewegung of the Dirac position operator
makes the Dirac OAM not conserved as seen in Eq. (4b).
While the particle position operator shows no Zitterbe-
wegung and as a result, gives the conserved particle OAM
in Eq. (23a). Therefore, the eigenstates of the particle
OAM operator would compose the eigenstates of the par-
ticle Hamiltonian with a well-defined particle OAM like
those of the nonrelativistic case, but the eigenstates of the
Dirac OAM do not. This raises the question ”Whether
the existence of the singular relativistic vortex in experi-
ment could be a probe to proper spin and position opera-
tors?”. We call this question ’Which-operator-question’.
To answer the ’Which-operator-question’, a specific solu-
tion for the relativistic beams is needed.
Let us first consider the particle spin and the parti-
cle OAM, which admit the vortex solutions with well-
defined OAM. We assume the relativistic beam to be
paraxial, which propagates mainly along z-direction, i.e.,
|pz|  |px|, |py| [34]. The vortex solutions expressed in
terms of the eigenstates of the particle OAM can be most
easily studied in the FW representation for electrons, be-
cause the particle position and the particle OAM oper-
ators are represented in the usual canonical form in the
FW representation as
rk = UFW (−i∇)RkPU†FW (−i∇) = i∂pk , (24a)
Lz = UFW (−i∇)LzPU†FW (−i∇) = −i∂φ, (24b)
with P = −i∇ in Eq. (17), where ∂pk = ∂/(∂pk), ∂φ =
∂/(∂φ), and φ is the azimuthal angle of the cylindrical
coordinate (ρ, φ, z) in the FW representation.
The FW transformations of the state ψ(x) and the
Dirac Hamiltonian HD in the original representation are
performed as
ψFW (x) =
√
m
E
UFW (−i∇)ψ(x), (25a)
HFW = UFW (−i∇)HDU†FW (−i∇) (25b)
= βE,
where ψ(x) is the eigenstate of the Dirac Hamiltonian
with the eigenvalue E and x = (t,x), t is time. The
FW transformation of the state in Eq. (25a) differs
from the FW transformation of the state in other studies
[13, 16, 22] by the normalization factor
√
m/E, which
reflects that u†j(pµ)uk(pµ) = (E/m)δjk of eigenspinors
of the Dirac Hamiltonian HD is frame-dependent but
u†jFWu
k
FW = δjk of the eigenspinors of the FW Hamilto-
nian HFW is frame-independent because the eigenspinors
u1FW =

1
0
0
0
 , u2FW =

0
1
0
0
 (26)
do not depend on the reference frame. Then the eigen-
spinors u1FW and u
2
FW (in the FW representation) are
written as the same forms as the eigenspinors given in
6the rest frame of the original representation, however the
u1FW and u
2
FW are the eigenspinors in the moving frame
with momentum p not in the rest frame. Note that the
FW representation is equivalent to the original represen-
tation only for the specific momentum p, i.e., not covari-
ant under the Lorentz boost.
In the FW representation we should consider the vor-
tex solutions for the FW Hamiltonian HFW in Eq. (25b).
Barnett [13] showed that the expansion of the FW Hamil-
tonian for relativistic electrons gives the paraxial wave
equation whose solution has a phase factor eilφ with the
eigenvalue l of the canonical OAM in the FW represen-
tation. Therefore, the vortex solution in the cylindrical
coordinate (ρ, φ, z) has the form [35]
ψFW (x) = e
−iEtψFW (ρ, z)eilφ(au1FW + bu
2
FW ), (27)
where |a|2 + |b|2 = 1. We consider the solution ψFW (x)
mono-energetic with the energy E for simplicity. Then it
is enough to analyze only the spatial dependence of the
ψFW (x), i.e.,
ψFW (x) = ψFW (ρ, z)e
ilφ(au1FW + bu
2
FW ), (28)
where x = (ρ, φ, z).
One should be careful to calculate the expectation val-
ues in the FW representation in order to maintain the
physical equivalence between the original and the FW
representations for the superposition states with differ-
ent momentum, because the FW representation is not
covariant under the Lorentz boost that changes the mo-
mentum of the particle. The expectation value of the
operator O at x in the original representation given by
〈O〉x ≡ ψ†(x)Oψ(x), (29)
which is not simply the same as
ψ†FW (x)O′ψFW (x), (30)
whereO′ = UFW (−i∇)OU†FW (−i∇) is the operator rep-
resentative in the FW representation. The right expres-
sion in the FW representation is (Appendix A)
〈O〉x = ψ†FW (x)
E
m
UFW (i
←−∇)U†FW (−i∇)O′ψFW (x),(31)
where
←−∇ operates on ψ†FW (x) to the left, which is clearly
not the same as Eq. (30). This relation provides nontriv-
ial spin-orbit interaction effect in the terms of the Dirac
spin and the Dirac OAM rather than the new spin and
the new OAM. The normalized expectation value of O is
divided by the probability amplitude ψ†(x)ψ(x) that is
also not the same as ψ†FW (x)ψFW (x) (Appendix A).
The velocity operator corresponding to the canonical
position operator r of Eq. (24a) in the FW representation
becomes
vFW = −i[r, HFW ] = P
E
. (32)
This vFW transforms to the following particle velocity
operator v obtained from the particle position operator
in the original representation,
v = −i[RP , HD] = P
E
HD
E
. (33)
Therefore the expectation value of the particle velocity
operator at x, we call the particle velocity at x, is written
as
〈v〉x = Re
{
ψ†(x)PEψ(x)
ψ†(x)ψ(x)
}
. (34)
To calculate further, we use the same expansion for the
FW Hamiltonian in Ref. [13] with E =
√
P 20 +m
2, i.e.,
HFW =
√
p · p +m2 (35)
≈
√
p20 +m
2 +
(px)2 + (py)2
2
√
p20 +m
2
+
√
p0(p2 − p0)√
p20 +m
2
,
where p0 ≈ pz, then we obtain the following local
Laguerre-Gauss (LG) solution with the form
ψFW (x) = e
ip0zψ˜FW (x) (36)
= eip0z
1
w|l|+1(z)
exp
[
− ρ
2
w2(z)
]
L|l|n
(
2ρ2
w2(z)
)
ρ|l|eilφ
× exp
[
−i(2n+ |l|+ 1) tan−1
(
z
z0
)
+ i
2zρ2
z0w(z)
]
× (au1FW + bu2FW ),
where w(z) is the beam width, z0 = (p0w(0)
2)/2, and
ψ˜FW (x) satisfies the paraxial wave equation [1, 13]. In
the approximation the state varies gradually only along
the z-axis and
∂zψFW (x) = p0ψFW (x) + e
ip0z∂zψ˜FW (x) (37)
≈ pψFW (x),
hence the z dependence of the solution can be consid-
ered solely by eip0z, i.e., the w(z) can be replaced by
w(0) ≡ w. We are interested in the singular behavior of
the relativistic wave solutions for ρ→ 0, hence the region
of ρ < w/
√
2 will be considered. However, the ρ should
be greater than 1/m, the Compton wavelength, because
one particle theory is not valid in the region less than
the Compton wavelength in which the pair production is
inevitable. Thus, in our study, we call the region of the
vortex solution determined by
1
m
< ρ <
w√
2
(38)
as the physical vortex region for simplicity. In the physi-
cal vortex region, the wavefunction ψFW (x) can be writ-
ten as
ψFW (x) ≈ d0(l)eip0z 1
w|l|+1
ρ|l|eilφ(au1FW + bu
2
FW ) (39)
7for the associated Laguerre polynomial
L|l|n
(
2ρ2
w2
)
= d0(l) + · · · dn
(
2ρ2
w2
)n
, (40)
where d0(l) is the function of l and dn is constant.
The physical velocity is defined actually in the original
representation and thus we should use ψ(x) that is ob-
tained from the inverse FW transformation of Eq. (25a).
In the physical vortex region the denominator of the ve-
locity in Eq. (34) can be simplified as (Appendix A)
ψ†(x)ψ(x) ≈ E
m
ψ†FW (x)ψFW (x) (41)
≈ E
m
[
d0(l)
ρ|l|
w|l|+1
]2
.
And the numerator of the particle velocity (vx, vy, vz) at
x in Eq. (34) can be obtained as (Appendix B)
ψ†(x)
(
px
E
,
py
E
,
pz
E
)
ψ(x) (42)
≈
[
d0(l)
ρ|l|
w|l|+1
]2(
− ly
mρ2
,
lx
mρ2
,
p0
m
)
.
As a result, the particle velocity at x is given as
〈v〉x =
(
− ly
mρ2
,
lx
mρ2
,
p0
m
)
. (43)
This particle velocity at x describes that electrons move
in the z-direction with a spiral circular motion, which
represents the singular vortex motion along the z-axis.
This result shows that the relativistic vortex solution in-
terpreted by the particle velocity and the particle OAM
supports the singular vortex like the nonrelativistic vor-
tex with the following circulation
ΓP =
∮
C
〈v〉x · dl = 2pi
l
m
, (44)
where C is an arbitrary closed path around the z-axis.
Next we study the singularity of the vortex solutions
in Eq. (36) by using the Dirac position and the Dirac
OAM. The Dirac velocity at x is obtained as (Appendix
B)
〈vD〉x =
ψ†(x)αψ(x)
ψ†(x)ψ(x)
(45)
=
1
2Eψ†FW (x)ψFW (x)
×
[(
i∇ψ†FW (x)
)
ψFW (x)− ψ†FW (x) (i∇ψFW (x))
+ ∇×
(
ψ†FW (x)ΣψFW (x)
)]
≈ 1
m
(
− ly
ρ2
(1∓ 〈Σz〉) , lx
ρ2
(1∓ 〈Σz〉) , p0
)
,
where ∓ corresponds to positive and negative
l, respectively. Here the expectation value of
the z-component of the Dirac spin operator
〈Σz〉 =
(
a∗u1†FW + b
∗u2†FW
)
Σz
(
au1FW + bu
2
FW
)
be-
comes approximately equal to (Appendix C)
ψ†(x)Σzψ(x)
ψ†(x)ψ(x)
(46)
for paraxial condition |pz|  |px|, |py|, which can be also
obtained from the eigenspinors in Eq. (5). Similar to
the particle velocity, the Dirac velocity at x describes
that electrons move in the z-direction with a spiral mo-
tion. However, in contrast to the particle velocity, the
spiral motion described by the x- and y-components of
the Dirac velocity depends on the expectation value of
the z-component of the Dirac spin, i.e., the Dirac spin
orientation [36]. The circulation for the Dirac velocity
ΓD =
∮
C
〈vD〉x · dl = 2pi
l
m
(1∓ 〈Σz〉) (47)
shows that the Dirac spin orientation determines whether
a singular vortex exists or not. For a comparison to the
circulation of the particle velocity ΓP , we plot the cir-
culation of the Dirac velocity ΓD as a function of the
Dirac spin orientation 〈Σz〉 for a positive l in Fig. 1(b).
Figure 1(b) clearly shows that the ΓP does not depend
on the Dirac spin orientation but the ΓD depends on the
Dirac spin orientation. If the Dirac spin orientation is
in the xy-plane perpendicular to the propagating direc-
tion of electron beam, ΓD is the same with ΓP . However,
compared with the ΓP , ΓD can be stronger if the angle
between the Dirac spin orientation and the propagating
direction of electron beam is obtuse or weaker if acute.
Especially, if the Dirac spin orientation is parallel to the
propagating direction of electron beam, the spiral circu-
lar motion of electron beam disappears, i.e., ΓD = 0.
Hence the spin orientation-dependent singular form of
the Dirac velocity is distinct from the singularity of the
particle velocity in Eq. (43) (Fig. 1).
The characteristic spin orientation-dependent property
of the Dirac velocity may allow to be distinguished from
the particle velocity experimentally. Especially, in order
to answer ’Which-operator-question’, for instance, two
different setups can be considered in using spin-polarized
electron beams moving in the z-direction in relativistic
vortex experiments. One is the spin antiparallel to the
propagating direction, the other is the spin parallel to
the propagating direction. As we discussed in Fig. 1
(b), for the particle velocity, the two setups will give a
same vortex structure independent of the spin. However,
for the Dirac velocity, the two setups will give a very
different observation of electron beams, i.e., the antipar-
allel spin gives spiral circular currents leading a vortex
structure but the parallel spin gives non-spiral circular
currents resulting in no vortex structure. Thus, possi-
bly whether the non vortex structure exists or not can
play a smoking-gun in distinguishing which ones can be
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FIG. 1: (Color online) (a) Schematic diagrams of
spin-polarized paraxial beams for the particle velocity
(left) and the Dirac velocity (right). (b)
Spin-orientation dependence of the circulations of the
particle velocity ΓP and the Dirac velocity ΓD. This
shows clearly the independence on the Dirac spin
orientation for the particle velocity and the strong
dependence on the Dirac spin orientation for the Dirac
velocity.
proper relativistic operators. Consequently, distinguish-
able experimental observation results of relativistic vor-
tex in such two different setups could give a clear answer
for the proper relativistic observables, i.e., position, spin,
and OAM. In additions, such an experimental answer on
the long-standing question of the proper relativistic ob-
servables could also provide a reliable evidence to clarify
whether the Zitterbewegung is a real physical effect or
not. Similar results are expectable in relativistic proton
vortices for the new operators using the parallel logic.
V. CONCLUSION
We have studied the singularity of relativistic electron
vortex beams using two different sets of relativistic oper-
ators. The first includes the particle position, spin, and
OAM operators that admit well-defined OAM l for the
vortex solution in the FW representation. The particle
operators predict the singularity in the circulation of the
relativistic LG vortex solution, which is equal to 2pil/m
of the Schro¨dinger nonrelativistic vortex. The second is
composed of the usual Dirac position, spin, and OAM
operators by which the spin orientation-dependent sin-
gularity of the same vortex solution is anticipated.
It was predicted that the spin seems to have little ef-
fects in the study of relativistic electron vortex beam
for typical parameters in state of the art transmission
electron microscopy experiments based on the estimation
of the particle density ψ†(x)ψ(x in the paraxial regime
[37]. Actually, our study shows a similar result that the
ψ†(x)ψ(x has a considerable spin effect in Eq. (54) (Ap-
pendix A) if the ρ is smaller than the Compton wave-
length, i.e., ρ < 1/m, while the spin effect can be negligi-
ble in ψ†(x)ψ(x in Eq. (41) for the physical region, i.e.,
1/m < ρ < w/
√
2, where we have interested in. However,
in sharp contrast to the behavior of the particle density
ψ†(x)ψ(x in the paraxial regime, as we discussed in Sec.
IV, the behaviors of the particle velocity and the Dirac
velocity exhibit crucial differences each other due to the
spin. Then we discussed about a possible experimen-
tal setup to probe a proper set of relativistic observables
based on the very different predictions from the two sets
of relativistic operators for the singularity of the LG vor-
tex solution. Especially for the paraxial electron beam
with the spin parallel to the propagating direction, it
could be experimentally distinguishable predictions that
for the Dirac operators, no singularity- and no vortex-
like motion exhibits, but for the particle operators, the
singular vortex exits. Therefore, such spin-polarized rel-
ativistic electron vortex beam experiments could provide
an answer on the question which relativistic observables
are proper.
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VI. APPENDIX
A. Equivalent expressions between the original and
the FW representation
Let us consider the Fourier transformation in the orig-
inal representation
ψ(x) =
∫
d3peip·xψ(p). (48)
Then the states in the FW representation are
ψFW (x) =
√
m
E
UFW (−i∇)ψ(x) (49)
=
∫
d3p
√
m
E
eip·xUFW (p)ψ(p).
Hence the expectation value of the operator O at x in
the original representation becomes
〈O〉x =
∫
d3pd3p′e−ip
′·xψ†(p′)Oeip·xψ(p) (50)
=
E
m
∫
d3pd3p′e−ip
′·xeip·x
× ψ†FW (p′)UFW (p′)OU†FW (p)ψFW (p)
=
E
m
ψ†FW (x)UFW (i
←−∇)OU†FW (−i∇)ψFW (x)
=
E
m
ψ†FW (x)UFW (i
←−∇)U†FW (−i∇)OFWψFW (x)
9for O = U†FW (−i∇)OFWUFW (−i∇).
Next let us calculate the probability density at x:
ψ†(x)ψ(x) (51)
=
∫
d3pd3p′e−ip
′·xeip·x
ψ†FW (p
′)
E
m
UFW (p
′)U†FW (p)ψFW (p)
=
E +m
2m
ψ†FW (x)ψFW (x) +
1
2m(E +m)
× [
(
∇ψ†FW (x)
)
· (∇ψFW (x))
− i
(
∇ψ†FW (x)
)
·Σ× (∇ψFW (x)) ]
using
UFW (p) =
E +m+ βα · p√
2E(E +m)
, (52)
UFW (p
′)U†FW (p) =
(E +m)2 − βα · p′βα · p
2E(E +m)
,(53)
where we have used the fact that the expectation values
of the odd terms, which have no diagonal elements, for
ψFW (p) become zero. The ψ
†(x)ψ(x) for LG solution in
Eq. (36) approximately becomes
ψ†(x)ψ(x) (54)
≈ E
m
ψ†FW (x)ψFW (x)− i
1
2m(E +m)
×
(
∇ψ†FW (x)
)
·Σ× (∇ψFW (x))
≈ E
m
ρ|l|
w2(|l|+1)
d0(l)
2 ρ
|l|
w2(|l|+1)
+
1
m(E +m)
p3l
〈
Σφ
〉 ρ|l|
w2(|l|+1)
d0(l)
2 ρ
|l|−1
w2(|l|+1)
for Σφ = − sinφΣx+cosφΣy with the paraxial condition
in the physical region. The second term in the last line
becomes greater than the first when the ρ satisfies
ρ <
l
E +m
<
1
m
, (55)
i.e., less than the Compton wavelength. Therefore, the
final expression becomes
ψ†(x)ψ(x) ≈ E
m
ρ|l|
w2(|l|+1)
d0(l)
2 ρ
|l|
w2(|l|+1)
(56)
≈ E
m
ψ†FW (x)ψFW (x).
B. The particle velocity and the Dirac velocity
Let us calculate the numerator of the particle velocity
operator:
Re[ψ†(x)
p
E
ψ(x)] (57)
= − i
2E
[
ψ†(x)∇ψ(x)− (∇ψ†(x))ψ(x)]
=
1
2m
∫
d3pd3p′e−ip
′·xeip·x [ ψ†FW (p
′)UFW (p′)p′U
†
FW (p)
× ψFW (p) + ψ†FW (p′)UFW (p′)pU†FW (p)ψFW (p) ]
=
1
4mE(E +m)
∫
d3pd3p′e−ip
′·xψ†FW (p
′)(p + p′)
× [(E +m)2 + p′ · p− ip′ ·Σ× p]eip·xψFW (p)
≈ ρ2|l|−2
(
d0(l)
w|l|+1
)2(
− ly
m
,
lx
m
,
p0
m
ρ2
)
.
Here we used the following calculations
1.
∫
d3pd3p′e−ip
′·xψ†FW (p
′)[(p + p′)((E +m)2 (58)
+ p′ · p)eip·xψFW (p)
= (E +m)2(i∇ψ†FW (x)ψFW (x)− iψ†FW (x)∇ψFW (x))
− i∇ψ†FW (x) ·∇∇ψFW (x) + i∇∇ψ†FW (x) ·∇ψFW (x).
The x-component of the above term for the LG solution
becomes
i∂xψ
†
FW (x)ψFW (x)− iψ†FW (x)∂xψFW (x) (59)
− i∇ψ†FW (x) ·∇∂xψFW (x) + i∂x∇ψ†FW (x) ·∇ψFW (x)
=
(
d0(l)
w|l|+1
)2
ρ2|l|−4
× [−2ly(E +m)2ρ2 − 4il2(|l| − 1)y − 2l(p0)2yρ2]
≈ −4E(E +m)|l|y
(
d0(l)
w|l|+1
)2
ρ2|l|−2
using the physical region condition of ρ. The y and z
components are similarly calculated. And
2. − i
∫
d3pd3p′e−ip
′·xeip·x (60)
× ψ†FW (p′)[(p + p′)p′ ·Σ× p]ψFW (p)
= −∇ψ†FW (x) ·Σ×∇∇ψFW (x)
+ ∇∇ψ†FW (x) ·Σ×∇ψFW (x).
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The x-component of the above term (for l > 0) becomes
− ∇ψ†FW (x) ·Σ×∇∂xψFW (x) (61)
+ ∂x∇ψ†FW (x) ·Σ×∇ψFW (x)
= 〈Σx〉
(
d0(l)
w|l|+1
)2
ρ2l−2
× [−2l(l − 1)p0(cos2 φ− sin2 φ) + 2p0l2ρ2l−2]
− 〈Σy〉
(
d0(l)
w|l|+1
)2
ρ2l−24l(l − 1)p0 cosφ sinφ
+ 4l2(l − 1) 〈Σz〉
(
d0(l)
w|l|+1
)2
ρ2l−3 sinφ.
This term can also be ignored for the physical vortex
region, when compared to the term in Eq. (59) with order
E(E+m)ρ2l−1 because this term is order of p0ρ2l−2. The
y and z term are similarly calculated.
Next let us calculate the numerator of the Dirac veloc-
ity:
ψ†(x)αψ(x) (62)
=
∫
d3pd3p′e−ip
′·xeip·x
E
m
× ψ†FW (p′)UFW (p′)αU†FW (p)ψFW (p)
=
1
2m
[ i∇ψ†FW (x)ψFW (x)− ψ†FW (x)i∇ψFW (x)
+ ∇×
(
ψ†FW (x)ΣψFW (x)
)
]
using only non-vanishing term β(E+m)[α ·p′α+αα ·p]
from (E+m+βα ·p′)α(E+m−βα ·p). The first term
that is equal to the FW velocity in the FW representation
becomes
1
2m
[
i∇ψ†FW (x)ψFW (x)− ψ†FW (x)i∇ψFW (x)
]
(63)
≈
(
d0(l)
w|l|+1
)2
ρ2|l|−2
(
− ly
m
,
lx
m
,
p0
m
(
d0(l)
w|l|+1
)2
ρ2
)
.
And the second term×2m becomes
∇×
(
ψ†FW (x)ΣψFW (x)
)
(64)
=
(
d0(l)
w|l|+1
)2
ρ2|l|−2
× (2|l|y 〈Σz〉 ,−2|l|x 〈Σz〉 , 2|l|(−y 〈Σx〉+ x 〈Σy〉)) .
Note that ∂zψ
†
FW (x)Σ
x,yψFW (x) = 0. Finally we obtain
the Dirac velocity in Eq. (45).
C. The spin expectation value 〈Σz〉
Note that
〈Σz〉 =
(
a∗u1†FW + b
∗u2†FW
)
Σz
(
au1FW + bu
2
FW
)
(65)
= |a|2 − |b|2.
The following relation is obtained
ψ†(x)Σzψ(x)
ψ†(x)ψ(x)
≈ ψ
†
FW (x)Σ
zψFW (x)
ψ†FW (x)ψFW (x)
= |a|2 − |b|2 (66)
by using
(E +m+ βα · p′)Σz(E +m− βα · p) (67)
= (E +m)2Σz − i(E +m)zikβαk(pi + p′i)
+ p
′zΣ · p− p′ · pΣz + pzΣ · p′,
and
ψ†(x)Σzψ(x) (68)
=
E
m
∫
d3pd3p′e−ip
′·xeip·x
× ψ†FW (p′)UFW (p′)ΣzU†FW (p)ψFW (p)
=
E
m
ψ†FW (x)Σ
zψFW (x),
and Eq. (56).
D. The expectation value of the z-component of
the operator r×α
The expectation value of the z-component of the oper-
ator r×α is calculated as follows
〈(xαy − yαx)〉 (69)
=
∫
d3xψ†(x)(xαy − yαx)ψ(x)
=
∫
d3pψ†FWUFW (p)(xα
y − yαx)U†FW (p)ψFW .
The off-diagonal term of the expectation value for the
ψFW in Eq. (28) becomes zero, so non-zero contributing
terms of UFW (p)(xα
y − yαx)U†FW (p) are
iβ
1
2E
[ αy
px
E
2E +m
E(E +m)
α · p + αyαx − iαyα · px
− 2E +m
E(E +m)
αxpy
E
α · p− αxαy + iαxα · py ] (70)
+
iβα · p
2E(E +m)
[
2E +m
E2
αypx +
αypx
E
− i(E +m)αyx
− 2E +m
E2
αxpy − α
xpy
E
+ i(E +m)αxy ] .
= β
[
xpy − ypx
E
+
Σz
E
+
Σ · p− Σzp · p
E2(E +m)
]
.
using r = i∇p. Hence the expectation value of (r×α)z
becomes 1E (l+2〈SzD〉+2(〈SD〉 ·ppz−〈SzD〉p ·p)/(p20(p0+
m))), which is twice of Eq. (20) of Ref. [10].
Note that the above gives 1E (l+ 2〈SzD〉) for the parax-
ial approximation. However, the expectation value at x
gives the Dirac spin-orbit interaction effect even though
the average value of px and py over all space are zero
for the paraxial LG solution in Eq. (54), because
ψ†FW (x)p
x,yψFW (x) 6= 0.
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